We present a gravitational field theory that implements Hořava's proposal of foliation-preserving-diffeomorphisms symmetry and higher spatial curvature directly in the canonical formalism. Due to the higher spatial derivative the theory is potentially renormalizable. Since this gauge symmetry is natural in the canonical formalism, we do not require a Lagrangian of second-order in time derivatives to begin with. We define the nonzero part of the Hamiltonian and the constraints motivated by the kinetic-conformal version of the nonprojectable Hořava theory. The resulting theory is an extension of the latter, in the sense that it admits more solutions. Among the additional solutions there are homogeneous and isotropic configurations governed by the Friedmann equations. The theory has the same number of propagating degrees of freedom of General Relativity. At the linearized level it reproduces the tensorial gravitational waves of General Relativity. We discuss how observational bounds can be satisfied.
Introduction. Hořava theory [1, 2] is based on the FDiff (foliation-preserving diffeomorphisms) symmetry. In this scheme the gravitational space is composed by a foliation of spacelike hypersurfaces, and the foliation can not be changed since it has absolute physical meaning. The motivation [2] for doing this is to introduce higher-order spatial curvature terms that may render the theory renormalizable, avoiding the ghosts that tipically affect the relativistic higher-curvature theories [3] .
The kinetic-conformal Hořava theory, which we abbreviate as the kcH-theory, is given by formulating the nonprojectable Hořava theory at one of its critical points [4] . In this case the so-called extra mode is eliminated. Indeed, its effective theory for large distances propagates gravitational waves of the same tensorial modes of General Relativity [4] . This is interesting since there is strong evidence favouring that the observed gravitational waves corresponds to tensorial polarizations, at least for the case of pure polarizations [5, 6] . Another version of the Hořava theory that does not propagate the extra mode is the so-called U(1) extension proposed in Ref. [7] .
The kcH-theory exhibits serious limitations when reproducing homogeneous and isotropic configurations. This is manifested as a divergence in the effective gravitational constant of cosmological scale [8, 9] . Despite of this we think that the rest of the phenomenology that has been studied for the kcH-theory is interesting, see [10] . We highlight again that the theories based on the FDiff symmetry and higher spatial curvature are potentially renormalizable and unitary. Indeed, the renormalizability of the projectable Hořava theory has been shown in Ref. [11] .
Our interest is to look for a modification of the kcH-theory that might enlarge the space of solutions, admiting in particular more cosmological configurations. We want to preserve the fundamental characteristic of the kcH-theory: the same number of physical degrees of freedom of General Relativity. To find such a theory (or model), we first realize that the canonical action is completely FDiff-covariant by itself. Thus, we may apply Hořava's ideas directly in the canonical formalism. In this scheme, we define the nonzero part of the Hamiltonian and the constraints. These ingredients are motivated by the ones of the kcH-theory, but with modifications that allow for more physically interesting configurations.
Following Refs. [2, 8] , the theory has a potential of sixth order in spatial derivatives, including all the inequivalent terms that are compatible with the FDiff symmetry. Altough we do not deal with the full potential explicitly, we scrutinize the effective theory for large distances in three ways: perturbative equations for the propagation of gravitational waves, homogeneous and isotropic configurations, and the observational bounds coming from gravitational waves and the PPN (parameterizedpost-Newtonian) parameters. The perturbative analysis is an important test of consistency, since it makes transparent the set of field equations that are explicitly solved as elliptic equations and the ones that remain hiperbolic.
In the homogeneous and isotropic case we find a set of Friedmann equations. This is also promisory since one may expect predictions at cosmological scale near to General Relativity. Finally, the observational bounds fix strongly the values of two of the coupling constants of the large-distance effective theory to their corresponding relativistic values (this also happens in the kcH-theory [10] ). This requeriment is not in contradiction with the fundamental features of the theory.
FDiff symmetry in canonical formalism. We study the general form of the FDiff-invariant canonical action whose canonical variables are the pair (g ij , π ij ) and the lapse function N, which has vanishing canonically conjugated momentum. This last condition is a constraint of the theory and, since it is an already-solved constraint, we reduce the phase space by putting this canonical momentum equal to zero everywhere in the action. The general form the canonical action is
where H 0 is the "nonzero" part of the Hamiltonian density, that is, the part that is not proportional to constraints, hence it remains nonzero in the totally reduced phase space. H i is the momentum constraint,
and φ A stands for the rest of constraints. N i and B A enter as Lagrange multipliers. All the standard notation of Riemannian manifolds is referred to the spatial metric g ij : spatial indices are raised and lowered with it, ∇ i uses its Levi-Civita connection, and so on.
Given a system of coordinates ( x, t) on the foliation, the coordinate transformations that preserve the foliation are defined by δt = f (t), δx i = ζ i ( x, t). As gauge transformations of the field variables, the corresponding FDiff transformations are given by (changing signs of f and ζ i )
The gauge transformations of g ij , N and N i are taken from the Hořava theory [2] , since they are the ADM (Arnowitt-Deser-Misner) variables. In particular, the third term in the right-hand side of (6) is relevant for the gauge transformation of the momentum constraint. The transformation of π ij is designed to balance the kinetic term. In the strict sense, only the spatial diffeomorphisms are gauge transformations over the foliation, since the corresponding parameter ζ i (t, x) is an arbitrary function of the space and the time, whereas f (t) is not.
The central aim of this section is to point out that the FDiff symmetry can be implemented directly on the canonical action, and that this hold for general H 0 and φ A . To this end it is required that these objects transform as
That is, the φ A must be scalar densities under spatial diffeomorphisms and scalars under time transformations, whereas H 0 behaves as a density under both transformations (of course, one can be more general by asking the combination B A φ A to transform as a double density). These requeriments are easy to meet with the appropiated combinations of the canonical variables and their derivatives. Under these conditions, the proof of the FDiff symmetry on the canonical action (1) is rather straightforward. The less direct step is the balancing between the transformation of the kinetic term π ijġ ij and the transformation of N i H i under a time-dependent spatial diffeomorphism. This balancing occurs exactly in the same way in the ADM formulation of General Relativity, since the time-dependent spatial diffeomorphisms are part of its gauge symmetry.
The gravitational theory. Adapting Hořava's ideas [2] to the canonical formalism, we start by setting the most general nonzero part of the Hamiltonian density that transforms under FDiff as (8) , has separate kinetic and potential parts and is quadratic in the canonical momentum. It is
where ω is an arbitrary dimensionless constant, π ≡ g ij π ij , and the potential V[g ij , a i ] is the most general scalar under general FDiff that can be written in terms of the spatial metric g ij , the spatial vector a i = ∂ i ln N [8] and their spatial derivatives. According to the discussion in [2] , z = 3, where 2z is the highest order in spatial derivatives of V, is the minimal order required for the power-counting renormalizability in 3 spatial dimensions. We adopt this criterium, hence we consider that the potential V is order z = 3.
The next step is the definition of the constraints. We first define the constraint
which is similar to the way the so-called Hamiltonian constraint arises in General Relativity and the Hořava theory. For the H 0 given in (10), we obtain
Note that once the constraint (11) is imposed, the equation of motion derived from the variation of N only gets contributions from the constraint sector of the canonical action, that is, from B A δ N φ A . Hence this evolution equation is necessary homogeneous in the Lagrange multipliers B A .
To define our second constraint, we observe that one of the constraints that characterizes the kcH-theory is the condition π = 0. We propose to replace it by
This form admits a bigger set of solutions; for example, on flat spatial geometries, any nonzero π that depends only of time is a nontrivial solution of (14) .
Our third and last constraint is also inspired by the kcH-theory. In that theory, starting with a second-order Lagrangian, the constraint π = 0 arises as a primary constraint. Consequently, one must impose its time preservation. Mimicking this, the last constraint we propose is inspired by the time preservation of (14) . We define the constraint
where the prefactor N −1 is introduced in order to meet (9) . For the H 0 given in (10) we get
where
In the above we have used the constraint H = 0 (12) explicitly to eliminate the π ij -dependence of φ 2 . In summary, the canonical action is given by
where H 0 is given in (10) and the constraint H i , H, φ 1 and φ 2 are given in (2), (12), (14) and (16) respectively. According to the definitions of H 0 , the constraints and the transformation of the Lagrange multipliers, the theory possesses the FDiff gauge symmetry defined by (3) - (7) .
The dynamical field variables of the theory are g ij , π ij and N. The four constraints H i , H, φ 1 and φ 2 eliminate six functional degrees of freedom and there are three gauge degrees of freedom corresponding to the symmetry of the spatial diffeomorphisms. This leaves four independent physical degrees of freedom in the phase space, which corresponds to two even modes of propagation. There is not extra modes.
We make some remarks on the approach we have followed for defining the theory and the way the several variables must be found. In the literature of field theory, the canonical formulation of a given theory is usually obtained following the Dirac procedure, which starts with a Lagrangian as input with its associated primary constraints. Then, to extract further constraints in the canonical version the preservation on time of the primary constraints is required, and so on. Our approach here is different, since the canonical action is covariant by itself with respect to the symmetry of interest. We have started with the canonical action, defining the nonzero part of the Hamiltonian and the constraints in a way compatible with the FDiff symmetry. This step is equivalent to the usual way of defining a theory by means of a Lagrangian of second (or higher) order in time derivatives. Defining the constraints is equivalent to introduce the dependence of the action on the Lagrange multipliers: the variation of the action with respect to the Lagrange multipliers yields the constraints.
If we put together all the canonical fields and all the Lagrange multipliers to form the full set of field variables, we have that they must be solved from the full system of field equations, excluding the gauge degrees of freedom. This is the set of equations derived from taking variations with respect to all the field variables. This point of view is based on the principle of stationary point of the action. In particular the Lagrange multipliers must be obtained in this way, excluding, again, their possible usage as gauge degrees of freedom. The Lagrange multipliers arise only in the equations given by the variations with respect to g ij and π ij , which yield evolution equations (involveġ ij andπ ij ), and the variation with respect to N, which does not yield explicit time derivative, as we commented previously. We show these three equations for the effective theory in (27), (28) and (29). The final physical and consistent content of the theory arises if solutions of the full system of field equations can be found. In the subsequent sections we show that this is the case in several scenarios. For each notrivial solution of the full set of field equations that is found, all the constraints are automatically preserved in time by the given configuration since the field equations, which include the constraints, are solved for all time and for each point of the spatial slices. Solutions obtained in this way need no more tests of consistency since they are stationary points of the action.
As a consequence of the reduction given by the elimination of the canonically conjugate momentum of the lapse function N, the action does not depend explicitly onṄ . Despite this, N in general acquires an induced dependence on time since it is one of the dynamical variables used to solve the field equations. Related to this is the fact that the Poisson bracket does not involve N. For instance, if a quantity Ψ depends on N, its time derivative receives a contribution proportional toṄ that must be added to the Poisson bracket defined in terms of derivatives with respect to the pair (g ij , π ij ). Explicitly,Ψ = {Ψ, H} + δΨ δNṄ ,
where H is the Hamiltonian. The last term can be eliminated if the reduction also includes N, that is, if N is solved, for instance, from a constraint.
The kinetic-conformal Hořava theory is contained. The two differences between the kcH-theory [4] and the theory we have just defined, provided that the same potential V is used in both cases, are that the latter has the ωπ 2 term in H 0 and H and that it has the Laplacian operator acting on the φ 1,2 constraints. Instead, the kcH-theory has the two constraints
The momentum constraint H i is shared by both theories exactly in the same form due to the FDiff symmetry. Thus, any solution of the full set of constraints of the kcH-theory is evidently a solution of the full set of the constraints of this theory since conditions (21) imply φ 1,2 = 0 and the ωπ 2 term disappears in H due also to π = 0. Moreover, the canonical evolution equations of the kcH-theory, together with its constraints, imply the canonical evolution equations of this theory. We omit the proof here due to limitations of space, but we comment that this is easy to see in terms of variations of the action. For example, if we vary δ g (B 1 ∇ 2 π), then all the terms that do not come directly from δ g π are zero since π = 0. The ones that come from δ g π are the same of the kcH-theory since this is the right variation in that theory. In addition, any contribution of the ωπ 2 term to the evolution equations vanishes due to π = 0. Summarizing, we have that the constraints and the canonical equations of motion of this theory are implied by the constraints and the canonical equations of motion of the kcH-theory. Therefore, any solution of the kcH-theory is a solution of this theory. The new thing is that the converse is not true in general, this theory admits more solutions.
Asymptotically flat configurations.
There is another correspondence between this and the kcH-theory that goes in the opposite direction: the asymptotically flat solutions of this theory can be proven to be solutions of the kcH-theory. We use the standard definition of asymptotic flatness in canonical formalism [12] ,
Let us denote by M AF the subspace of the phase space where the conditions (22) hold. In M AF the only solutions to the conditions ∇ 2 π = 0 and ∇ 2 E = 0 are π = 0 and E = 0, yielding the constraints of the kcH-theory (21), if we assume again that the same potential V is used in both theories. Let us show how this works in detail. At a given instant of time t, we multiply constraint φ 1 by π/ √ g, integrate over the whole spatial hypersurface and then integrate by parts,
According to (22), the integrand of the surface integral at infinity is of order O(r −5 ), hence this integral vanishes. The integrand of the last integral is manifestly nonnegative. Assuming continuity of the integrand, the entire integral is zero if and only if the integrand is zero point to point. Since this is a condition on the Riemannian modulus of a three vector, the whole vector vanishes,
The general solution of this equation is that π/ √ g is an arbitrary function of time, but the asymptotic conditions (22) demand that this function is equal to zero. Thus, in M AF we get that the constraint φ 1 = ∇ 2 π = 0 is reduced to π = 0 for all x, t.
Constraint φ 2 (16) can be handled in a similar way: if we multiply it by NE/ √ g and integrate over all the spatial hypersurface, then we get its equivalent reduced form in M AF , E = 0 for all x, t. As we have commented, conditions π = E = 0 are part of the constraints of the kcH-theory. Constraint H also coincides since the ωπ 2 term disappears in M AF (constant ω plays no role in M AF ). It can also be shown that the equations of motion of the kcH-theory are implied by the ones of this theory in M AF thanks to the conditions π = E = 0. Therefore, all the asymptotically flat solutions of this theory are also solutions of the kcH-theory. In view of the previous discussion, we conclude that the set of asymptotically flat solutions is exactly the same for both theories.
Large-distance effective theory. To define the effective theory for large distances we truncate the potential at the lowest order in spatial derivatives, leaving only the z = 1 terms (here we do not consider cosmological constant). The z = 1 potential is V (z=1) = −βR − αa k a k , where β, α are coupling constants. Constraints H i and φ 1 preserve their forms given in Eqs. (2) and (14) since they do not depend on the chose potential. Constraint H becomes
and φ 2 is given by (16) with
where γ 1 ≡ β − α/2 and γ 2 ≡ β + 3α/2. In the above we have multipled φ 2 by −1/2.
The equations of motion obtained by taking variations of the action (19) with respect to π ij , g ij and N are, respectively,
whereB 2,3 ≡ B 2,3 /N. As we commented before, the equation of motion associated to δN is homogeneous in the Lagrange multipliers B 2,3 .
Gravitational waves. We study the linear-order perturbative version of the vacuum field equations of the previously shown large-distance effective theory. We define the Minkowski space, which is a solution of all the constraints and equations of motion, and its perturbation by g ij = δ ij + h ij , π ij = p ij , N = 1 + n and N i = n i . As part of the ansatz we turn off the Lagrange multipliers B 1,2,3 . At first sight it is not obvious that this choice is valid since we are dealing with the problem of extremizing the action, hence a consistent solution that involves all field variables must be found, as we commented previously (actually, what we pursue here is the wave equation for the independent propagating modes, but this requires to solve consistently the rest of variables). At the end of the analysis we will see that the choice B 1,2,3 = 0 is consistent (part of the requisites is that the Eq. (29) is automatically solved).
We perform the usual transverse/longitudinal decomposition on h ij , which yields the variables h
, and similarly for p ij . We impose the transverse gauge h L i = 0, which fixes the gauge symmetry of spatial diffeomorphisms.
We assume that all the perturbative variables that are fixed by elliptic equations, hence nonradiative, satisfy the asymptotically flat conditions (22). The linear-order momentum constraint H i (2) eliminates the longitudinal sector of the canonical momentum, p 
Since h T and n are of order O(r −1 ) asymptotically, the only solution to these equations is that the two combinations inside the brackets are zero. This is equivalent, whenever β = 0 and α = 2β, to h T = n = 0. The longitudinal sector of the linear-order Eq. (27) 
We can see that having set the Lagrange multipliers B 1,2,3 = 0 has leaded to consistent evolution equations for the independent propagating modes, whereas the rest of nonpropagating variables has been fixed consistently. We comment again about the time dependence of the lapse function: here we have obtained n = 0, this is a consequence of the linear order of the analysis. n and h T acquire nonzero expressions for higher orders in perturbations (or in situations with sources), as happens in General Relativity for the case of h T [13] . Since h T T ij and p T T ij are in general waves that depend on time, n and h T acquire an induced dependence on time at higher order in perturbations.
Besides the physical content, this perturbative analysis is a way to check explicitly that the z = 1 theory is mathematically consistent, in the sense that all the constraints have been solved by the appropiated variables and the remaining canonical modes propagate with consistent wave equations. This confirms that there are two propagating physical modes.
Homogeneity and isotropy. In this setting we switch off the shift vector, N i = 0. We incorporate a perfect fluid of density ρ and pressure P according to the following rules: we assume that the variation of d 3 xH 0 with respect to N acquires a contribution equal to −16πG √ gρ and its variation with respect to g ij a contribution of 8πG √ gNg ij P . The coupling constant G is the analog of the Newton constant. These rules are in correspondence with the field equations of the ADM formulation of General Relativity coupled to a perfect fluid at rest. Thus, constraints H and φ 2 get source terms whereas constraints H i and φ 1 do not. We show here the sourced φ 2 constraint with the aim of making transparent the way it will be solved,
where E is given in (26). The evolution equations derived from δN and δg ij get contributions from the source whereas the one of δπ ij does not. We remark that, even in the presence of sources, the δN equation is still homogeneous in B 2,3 due to the constraint H. Now we consider a flat homogeneous and isotropic configuration. The spatial metric can be casted in the form g ij = a(t) 2 δ ij . The fields N and π ij , as well as the sources ρ and P , are regarded as functions only of time. We may use the symmetry of reparameterizing the time to set N = 1 (other gauges would leave active the time dependence of N). The last part of our ansatz is that, for concretness, we look for solutions with B 1,2,3 = 0. With these settings the constraints H i , φ 1 and φ 2 are automatically solved since in all of them there are spatial derivatives acting on pure functions of time. The equation of motion corresponding to δN is automatically solved by B 2,3 = 0. The equation of motion derived from δπ ij can be solved completely for π ij , yielding
By inserting all this information in the H constraint and the equation of motion derived from δg ij , we obtain that they become a system of equations of the kind of the Friedmann equations, namely
where G c ≡ 2(3ω − 1)G plays the role of effective gravitational constant of cosmological scale. We comment that the constant ω is still free, and in the analysis on some observational bounds that we will do in the next section it will remain unaffected. Hence we expect a good adaptability of this theory to the cosmological observations. In addition we recall that here we have not considered the cosmological constant and we have restricted the homogeneous and isotropic ansatz to flat geometries.
Observational bounds. We present a quick analysis directed to some of the gravitational phenomena whose results can be applied directly to this theory at the stage we have it, without requiring further major analysis. These are the speed of gravitational waves and the PPN analysis. We consider the observational bounds only in the z = 1 truncation, since it is the effective theory for large distances. We found that the theory propagates the tranverse-traceless modes with speed c T = √ β. The recent obervation [14] of a gravitational wave associated with a electromagnetic signal put the speed of the gravitational waves extremely close to the speed of light. The bounds are [15] −3 × 10 −15 ≤ c T − 1 ≤ 7 × 10 −16 .
In this theory this extremely narrow window is safely satisfied by putting β = 1. The PPN analysis for solar-system phenomena applies for asymptotically flat configurations. We have seen that for this theory these configurations are exactly the same of the kcH-theory, hence we may take the results of the kcH-theory. For the nonprojectable z = 1 Hořava theory the PPN coefficients were obtained in Ref. [16] , and they can be adapted to the kcH-theory [10] . The PPN parameters coincide with the values of General Relativity, except for
The current stringtest bound is α PPN 2 < 10 −9 [17] . Since β has already been set equal to 1, it seems that in order to satisfy this bound safely the better choice is to set α = 0. We remark that this and the β = 1 condition can be implemented without modifying the essential physical features of this theory. In particular, condition α = 0 drops the a i a i term out from the z = 1 potential. In this theory this terms is not crucial for the stability of any extra mode, because there is not extra mode. Indeed, in the perturbative analysis we solved the constraints explicitly and got the propagating field equations. The condition α = 0 is not in contradiction with the procedure used there. Moreover, in the phenomenological criteria the coupling constants of the terms of higher order derivatives are left completely unaffected.
